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I n  t h e  present  note w6 give & simple and general der ivat ion of 

the  necessary conditions for equilibrium of vortex trails with arbi-  

t r a r y  mutud posi t ion of tivo of i t s  p a r a l l e l  chtiins. 

permit one t o  judge the s t a b i l i t y  o r  instability od each of three  

These condi t iom 

possible arrangements: a) symmetrical trails; b) t ra i ls  with stag- 

gered vortex positions; and c) asymmetric trails .  

the one hand, w e  use the method of K o c h  for s m a l l  displacement i n  

the fom that he 4 assumed for cases (&) snd (b) and on the o ther  

To this end, on 

hand, Be  use the method of solving dif'xerentit:l equations f o r  the 

perturbed motion of var t ices  s e t  up i n  our work [2]. 

Resorting, as g p ~  usual, t o  the a l te rnhte  considerations of vor- 

tex  systems (vor t ices  with even inciex i n  one chain have the same dis- 

placement and fiortices with odd. imd index another, vrhereby f o r  esch of 

the two chains these displacements &re d i f fe ren t ,  therefore, t rvo ad- 

jacent  vor t ices  have different aisplacemenb) and introducing, corms- 

pondingly, t h e  displexemnts 6z,f , 6z2?, +, 6 z2" (tile prime 

re fers  t o  the  upper chain ana t h e  double prime t o  the lower) which, 

i n  par t icuiar ,  obey the conditions 6 z 2 f  = - 6z1t; 6z,n = - &zlw 



2. 

Kochin obtains the system: 

- d ( g i n )  = 
d t  

- (B S q ’  + A 62,”) 
8 l”i 

2 where 
B = 2 - l/sin o( - l/COS26 

B = l / s in  di 2 - l/cos2d: 

Here, 2h is  the width of the trail ,  21 is  the  dis tance between 

two adjacent vo r t i ce s  in the same chain ana 

vortex chain with respect  t o  the other.  

2d is t he  hag of one 

We have: f o r  d = 0 ( 3 = 0), 

t he  vortex chains a r e  exactly $aker one beloa the o ther  (symmetrical ar-  

rangement); f o r  d = 2/2 (a=  3) they l ag  each o ther  symmetricelly 

by 1 (staggered posit ion);  for  d <  z/2 ( A < + )  they la$ by an amount 

less  than 7 (asymmetric arrangement). Far brevi ty ,  l e t  us put  i n  (1) 

q = rv8t” ana 
* 9 ’  

(4) 

Then the  system (1) becomes 

dE1 = qi(AZt + BZ”) 
d t  
- 
- 

= -qi(BZr + AZfl )  
L_ 

dt 

( 5 )  

If w e  add ma subt rac t  the l e f t  and r i g h t  siae of ( 5 )  we obtain 

- d (2, + zn) = qi(h&B) ( Z  1 -2.) 
dt 
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But from (2) we find 

A + B = - 2 b n o c  2 2 ; A - B = -2 cot OC 

2 where T = tan . 
I n  order to be ab le  t o  represent (9) i n  real  form with the  help 

of a system of fonr d i f f e r e n t i d  e i u a t i o n s  for  the  displacement, we wri te  

T in the  form 
- 

T = P  + iQ; I= P + ic= P - iQ 
T P2+ Q2 

and use t h e  value of d f rom (3). Ne-have 

Finally,  we obtain 

With t h e  a i d  of (9) ana (8) we can write 
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d t  
- - d (?i - iy) = qi(P + iQ)(X + iY) 

d t  

whence t h e  real system has the  form 

dX = <(E - E) ; dY = -q(PY --+Go 
Zr - 

dt 

Assuming f o r  the particular solution of t h e  above-Eentioned sys- 

f ind  an a lgebra ic  system of equations, homogeneous with respec t  t o  

M, N, R, and S: 

The common condition of t h i s  system leads us to 

,4 - 2 3 p p  + QZ)wi + $(pZF2+ $z2 + F2k2 + P2;i2) = 0 

t h e  roots  of which are 

Subs t i tu t ing  (13) i n  (le), w e  ob ta in  for cd 

G, = +  q P  + iQ = +K(P 5 iQ) 

The solutions of the system of d i f f e r e n t i a l  equations (15) with 
- -  

respect t o  t h e  displacements X, Y, X, Y have t h e  form etKPtcos K Q t  
+Qt 

and e- sin KQt; with increasing t these displacements become 



infinite as a consequence o f  the presence of tlne posi t ive exponent i n  

theexponent ia l .  Therefore, whatever t he  pos i t ion  of the  vo r t i ce s  i n  

the t ra i l ,  t h e  latter i n  the  case P # 0 is shown alrgady unstable. 

For s t a b i l i t y ,  it is necessary that P=O From (12) i n  t he  same 

way, it follows t h a t  the g rea t e s t  general necessary condi t ion fo r  

s t a b i l i t y  i s  the condition 

s inh  ~ T T  = s i n  3 TT (20) 

obtained by us earlier by other methods [3] 

Thu8, w e  established t h a t  the  asymmetric trails may d s o  be s table ,  

provided only that the parameters 'h and X satisfy t h e  r e l a t ion  (20), 

From condition (Zp), f o r  2 = 4, i s  obtkined the a l r eady  known condi- 

t i on  for  s t a b i l i t y  o f  a Karman staggered vortex street, namely, the nec- 

essary  condi t icn 

s inh  hT = 1 (21) 

A s  concerns symmetric trails, f o r  which A =  0, then from (12) it 

follows that i n  this case  Q = 0 and from (19) t h a t  W = 2 2;; the 

l a t t e r  denotes the existence of s. so lu t ion  o f  the form e 

a fact  corroborating the  s t a b i l i t y  of t h e  symmetric arrangement. 

(q<o) is 
-29t 

Retnrning to t he  s t a b i l i t y  of asymmetric trails, it is necessary 

here not  t o  forget that, assuming the  poss ib i l i t y  of s u c h a n  arrangement 

we assume the p o s s i b i l i t y  of an oblique flow o f  vortex trails with which 

the a x i s  of the vortex system maintaining a constant d i r e c t i o n  t o  tile 

bas ic  stream, moves p a r a l l e l  to i t s e l f ,  forsalring the  pos i t i on  of t he  

axis of  symmetry of a streamlined body. 

Actually, as is easy t o  c onclude for  the a sJlmmetric arrangement 
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t h e  ve loc i ty  components equal 

where VA + o if a+ 0, 3 . For h= O( symmetric t ra i ls)  we 

have from (22) 

us - - - c o t h k T  ; V3 = 0 
41, 

For h= 3 (staggered vortices) 

41 

L e t  u s  ad6 t h a t  

and (21) i t  is easy 

on the b a s i s  of formulas (22), (23), (24), (20) 

t o  e s t ab l i sh  that this dependence 

holds,  Le. that f o r  

parameter treils t h e  

determined Y , corresponding t o  any s t a w e  two- 

latter moves slower than the symmetric trails, but 

faster than the staggered. 

t o  obta in  the property tha t  for  d e f i n i t e  distances between vortices,  2 1 )  
t h e  asymmetric t r a i l  is always more s t a b l e  than the staggered t r a i l  kvhich 

appears a t  the l a s t  phase of every Kina of e:pilibriurn posthion. 

l a t t e r  f s c t  *e alreauy checked i n  o u r  succeeding work. 

that thanks to the  existance of s t a b l e  a h o s t  staggerec vort ices  the 

presence i s  f i l l y  explained of such rslaticrns which although a i f f e r e n t  

from X = h/7 = 0.2805... is c lose  t o  it. I n  conclusion, l e t  u s  note 

that the exposition here of the  theory of s t a b i l i t y  of generalized (two 

parameter) trails f o r  small displacements is OKAY approximate, 

In  conformity with the ih above, i t  i s  easy 

On t h e  

Here we o n l y  note 

A S  will 
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be evident in l a ter  somunica.tions, those tra i l s ,  similarly staggered, 

which Kochin considered, require revision in theory. We further shoE 

that asymmetric trails, f u l f i l l i n g  condition (20) may be considered as 

Kochin tiid, as the least unstable vortex mapping. 
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